Abstract. We comment on the paperÜber Extremalprobleme der konformen Geometrie (On extremal problems in conformal geometry) [12] by Teichmüller, published in 1941. This paper contains ideas on a wide generalization of his previous work on the solution of extremal problems in conformal geometry. The generalization concerns at the same time the fields of function theory, topology and algebra.
journal where the paper was published, on the first page of the paper, informs the reader that this paper is "obviously unfinished," and warns him that "unreasonably high demands are made on the reader's cooperation and imagination," that "the assertions are not even stated precisely with rigour, neither proofs nor even any clues are given," that some things "not of fundamental importance [...] occupy a broad space for something almost unintelligible, while far too scarce hints are provided for fundamentally important individual examples." The editors declare that if they decided to publish the paper, "despite all lack that distinguishes the work against the other papers in this journal [Deutsche Mathematik] , it is to bring up for discussion the thoughts contained therein relating to the theme of estimates for schlicht functions." In turn, the author declares at the beginning of the paper: "Because I only have a limited vacation time at my disposal, I cannot give reasons for many things, but only assert them."
Teichmüller's aim is to show how some of his ideas expressed in his previous papers -some of them in the papers on moduli, and others in papers on algebraare related to each other, that they may lead to general concepts, and that they are applicable to various situations, in particular to the coefficient problem for univalent functions.
Teichmüller starts by commenting on the fact that function theory is closely related to topology and algebra. For instance, one is led, in dealing with functiontheoretic questions, to prove new generalizations of the Riemann-Roch theorem. He describes a situation where one needs for that Lie theory, rather than differential geometry. He then explains his choice of the notion of "principal domain" (Hauptbereich), used in a previous paper [11] , to denote a Riemann surface with distinguished points. This notion is given a more general meaning here, and the stress now is on the marked points rather than on the supporting surface. The author makes an analogy with a situation in algebra, that has already considered in [9] . To say things more precisely, one is given three objects, A, A 1 , A 2 . In the geometric case, A is a principal domain, A 1 is the support of the principal domain, that is, the underlying Riemann surface (with no distinguished points) and A 2 the set of distinguished points. In the algebraic context, A is a normal (Galois) extension of a field, A 1 is a cyclic field extension and A 2 is the set of generators of the Galois group. Teichmüller considers the following situation: At a distinguished point on a Riemann surface, one chooses a local coordinate z, and assumes that the other local coordinatesz are of the form
where m is an integer. This implies (by using the chain rule) that, at such a point, the first m derivatives of a map, computed in local coordinates, are well defined, that is, they do not depend on the choice of the admissible local coordinates. Such a distinguished point is said to be of order m. Using a modern language, the author is fixing, at a finite number of distinguished points, the order-m jets of maps at each such point. Teichmüller further states that it is practical to think of such a point of oder m as m + 1 points which are infinitely close together. (Recall that in order to compute the m-th derivative, one may consider certain quotients of values of the function at m + 1 points and then takes limits.) There is an analogous description of distinguished points at the boundary of the surface. The author mentions such a description without going into any specific details. He then explains how surfaces with distinguished points transform under appropriate maps. (Recall that holomorphic functions are differentiable, therefore they act on jets.) In fact, Teichmüller considers the case of maps of a collection of disjoint subdomains (with distinguished points) of a Riemann surface to a collection of disjoint subdomains (with distinguished points) of another Riemann surface. The maps under consideration are subject to some topological requirements. The reader may think of these subdomains as obtained through a decomposition of the surface defined by the trajectory structure of a quadratic differential. Teichmüller mentions applications to the Bieberbach coefficient problem. He mentions some explicit ones, and he refers to his previous papers [15] (see also the commentary [2] ).
Later on, Lie theory is used. At each point, there is a continuous infinitedimensional group G 0 of local parameter transformations, and a filtration
where G m is a normal subgroup of G 0 whose elements are transformations A of the formz
Then, Lie algebras are defined. The notion of "topological determination" (an expression which the author assigns in [11] to an object we call today a marking) is given a much more general meaning. A generalized version of the Riemann-Roch theorem, which takes into account the new notion of distinguished points, including points on the boundary, is also given. The formula involves sums over these points of the relative dimensions of some quotients of Lie algebras. A notion of "extremal problem in conformal geometry" is formulated in such a wider setting.
Then there is a long discussion on conformal embeddings of annuli (which he calls ring domains) on general surfaces ("higher principal domains"). 1 Teichmüller believes that the idea of studying embeddings of cylinders is hidden in the papers of Grötzsch.
Teichmüller notes that the results apply to abstract function fields instead of Riemann surfaces, and that estimates on the coefficients of a univalent function may be obtained through a method involving extremal mappings associated with quadratic differentials with some prescribed poles. He states that the proof is more complicated than the usual proof of the area problem, but that it has the advantage of admitting generalizations to higher degree coefficient problems. Teichmüller is alluding here to the famous Bieberbach conjecture, which was one of his main objects of interest. We state the problem and some developments below. In the same paper, he makes relations with several classical problems, including the question of finding the Koebe domain of a family of holomorphic functions defined on the disk, that is, the largest domain contained in the image of every function in the family, and the so-called "Faber trick." Faber, in a paper published in 1922 [4] , found an early application of the length-area method to the question of boundary correspondence of conformal mappings.
A translation of the paper [15] in which the length-area method and geometric methods, such as properties of conformal moduli, are applied to the study of quasiconformal mappings and Riemann surfaces, and, in which, the length area method is used, will appear in Volume VII of this Handbook. (See also the commentary [2] .) The length-area method is also used by Teichmüller in the papers [11] , [13] and [14] . 1 The reader familiar with the theory of pseudo-holomorphic curves, and especially with Floer homology, will recognize one of the basic ideas of this theory (in dimension two), where the embeddings of annuli control all the situation. In the theory of pseudo-holomorphic curves the study of embeddings of cylinders, in particular those that interpolate the Lagrangian submanifolds, are of fundamental importance.
A few words are now in order for the Bieberbach conjecture, also known as the Coefficient Problem for schlicht functions.
2 These are univalent (that is, holomorphic and injective) functions defined on the unit disc D = {z ∈ C| |z| < 1} by a Taylor series expansion:
a n z n normalized by a 0 = 0 and a 1 = 1. The Bieberbach conjecture, formulated by Bieberbach in 1916 and proved fully by Louis de Branges in 1984, says that the coefficients of such a series satisfy the inequalities |a n | ≤ n for any n ≥ 2. In fact, Bieberbach proved in his paper [3] the case n = 2, that is, he proved |a 2 | ≤ 2. He also showed that equality is attained for the functions of the form K θ (z) = z/(1 − e iθ z) 2 for θ ∈ R. This is the so-called "Koebe function" Bieberbach's result is related to the so-called "area theorem," which is referred to by Teichmüller in the present paper, a theorem which gives the so-called "Koebe quarter theorem," saying that the image of any univalent function f from the unit disc of C onto a subset of C contains the disc of center f (0) and radius |f ′ (0) |/4. In this geometric form of the Bieberbach conjecture, Teichmüller introduced the techniques of extremal quasiconformal mappings and quadratic differentials. This is the content of the last part of this paper. Now we come to some developments of Teichmüller's theory. In a series of works, Jenkins (cf. [5] , [6] , [7] , [8] and others) developed an approach to the coefficient theorem that uses quadratic differentials and which is based on the works of Teichmüller and Grötzsch. In a 1962 ICM talk [7] , Jenkins writes: "Teichmüller enunciated the intuitive principle that the solution of a certain type of extremal problem for univalent functions is determined by a quadratic differential for which the following prescriptions hold. If the competing mappings are to have a certain fixed point the quadratic differential will have a simple pole there. If in addition fixed values are required for the first n derivatives of competing functions the quadratic differential will have a pole of order n + 1 at the point. He proved a coefficient result which represents a quite special case of the principle but did not obtain any general result of this type. The General Coefficient Theorem was presented originally as an explicit embodiment of Teichmüller's principle, that is, the competing functions were subjected to the normalizations implied by the above statement." In [5] , Jenkins has a similar quote concerning Teichmüller's result from [10] : "Teichmüller enunciated the principle that the solution of a certain type of extremal problem in geometric function theory is in general associated with a quadratic differential.
[...] Teichmüller was led to this principle by abstraction from the numerous results of Grötzsch [...] and by his considerations on quasiconformal mappings [11] . He applied this principle in certain concrete cases, the most important of which was his coefficient theorem [10] which is the most penetrating explicit result known in the general coefficient problem for univalent functions."
In [7] , Jenkins states a theorem, which is in the spirit of the results stated by Teichmüller in the paper which we review here, but in a precise form. The result concerns a Riemann surface of finite type equipped with a quadratic differential with a decomposition of the surface into subdomains defined by the trajectory structure of this differential. There is a mapping from each of these subdomains onto non-overlapping subdomains of the surface, and these mappings are subject to conditions on preservation of poles, certain coefficients, and also to some topological conditions. The conclusion of the theorem is then an inequality that involves the coefficients of the quadratic differential at poles of order greater than one and those of the mapping, with a condition for the inequality to be an equality. This condition states that the function must be an isometry for the metric induced on the surface by the quadratic differential. It is followed by a detailed analysis of the equality case. Jenkins also refers to numerous specific applications of such a result and this is in line with what Teichmüller has envisioned. (See [5] , p. 278-279.)
In conclusion, let us note for the readers of this Handbook that Thurston also thought about the Coefficient Problem, with an approach involving tools which are familiar to Teichmüller theorists: Möbius transformations, the Schwarzian derivative, quasiconformal mappings and the universal Teichmüller space, cf. [16] .
